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Abstract. Let <j> : M -> S n+1 C K™+ 2 be an immersion of a complete n- 
dimensional oriented manifold. For any v £ R" +2 , let us denote by i v : M — > K 
the function given by £ v (x) = (<f>(x), v) and by f v :M—> R, the function given 
by f v (x) = (v(x), v), where u : M — > S n is a Gauss map. We will prove that if 
M has constant mean curvature, and, for some v ^ and some real number 
A, we have that £ v = \f v , then, rf>(M) is either a totally umbilical sphere or a 
Clifford hypersurface. As an application, we will use this result to prove that 
the weak stability index of any compact constant mean curvature hypersurface 
M n in which is neither totally umbilical nor a Clifford hypersurface and 

has constant scalar curvature is greater than or equal to 2n + 4. 



1. Introduction 

Let <j> : M — > §™ +1 c K™ +2 be an immersion of a complete n-dimensional 
oriented manifold. For every x £ M we will denote by T X M the tangent space of 
M at x. Sometimes, specially when we are dealing with local aspects of M, we 
will identify M with the set <f>{M) C R n+2 , and the space T X M with the linear 
subspace d<p x (T x M) of K"+ 2 . Let us denote by v : M -> §" +1 C M n+2 , a normal 
unit vector field along M, i.e., for every x G M, v{x) is perpendicular to the 
vector x and to the vector space T X M . The shape operator A x : T X M — > T X M, 
is given by A x (v) = —dv x {v) = — (3'(0) where j3(t) = v{a{t)) and a(t) is any 
smooth curve in M such that a(0) = x and a'(0) — v. It can be shown that the 
linear map A x : T X M — > T X M is symmetric, therefore it has n real eigenvalues 
K\ (x) , . . . , K n (x) . These eigenvalues are known as the principal curvatures of M at 
x. The mean curvature of M at x is the average of the principal curvatures, 

Ki(x) H + n n (x) 



H(x) 



n 

and the norm square of the shape operator is defined by the equation 

2/ \ 42\ _ ,2/ \ , i .2, 



||A|p(x) = trace(A 2 ) = n((x) H h k„(x). 
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1.1. Examples: Totally umbilical spheres and Clifford hypersurfaces. In 

this section we will describe two families of examples that are related with the main 
result of this paper. 

Example 1. Let v £ R rl+2 be a fixed unit vector and c a real number with |c| < 1. 
Let us define 

S n (v,c) = {x e : (x,v) = c}. 

Clearly, S n (v, c) is a hypersurface of S" +1 . In this case the map v : S n (v, c) — > 
given by 

v(x) = , (v — cx) 

is a normal unit vector field along S n (v,c). Therefore, for every x £ S n (v,c) the 
shape operator A x is the map c(l — c 2 )~?I, where / is the identity map, and 

m{x) = ■■■ = Kn (x) = ^ 1 _ c2 

for all x £ S n (v,c). It is not difficult to show that these examples are the only 
totally umbilical complete hypersurfaces of §™ +1 . In this case 

H = ° and \\A\\ 2 = 



are both constant on S n (v, c). 

Example 2. Given any integer k £ {1, . . . , n — 1} and any real number r £ (0, 1), 
let us define l — n—k and 

M fe (r) = {(x,y) £ R fc+1 x : j|.xj| 2 = r 2 and ||y|| 2 = 1 - r 2 } 

= § fc (r) x S"- fe (v / l - r 2 ) C 

It is not difficult to see that for any (x,y) £ Mfc(r) one gets 

T( x . y) M k (r) = {(v, w) £ R k+1 x R £+1 : (x, v) = and (to, y) = 0} 

Therefore, the map v : Mfe(r) — > S™ +1 given by 



^/l — T 2 T 

v{x,y) = ( x, u = y) 



Vl-r 

defines a normal unit vector field along Mfc(r), i.e. it is a Gauss map on Mfc(r). 
Notice that the vectors in T( x ^Mk{r) of the form (v,0) define a k dimensional 
space. A direct computation, using the expression for v, gives us that if (v, 0) £ 
T( x .y)M k {r), then, 

Vl - r 2 
A {x , y) {v,0) = (v,0). 



Therefore — Vl — r 2 /r is an eigenvalue of A^ x y ^ with multiplicity k. In the same 
way we can show that r/\/l — r 2 is an eigenvalue of ^(^.y) with multiplicity £ 
Therefore, the principal curvatures of M k {r) are given by 



Vl — T 2 T 

Ki(x,y) = ■ ■ ■ = n k (x,y) = , K k+ i(x,y) = ■■■ = n n (x,y) = , 

r VI — r A 

and we also have that 

tit k ii4n9 k tl k 

H = and \\A 2 = — H - n 

nrVT^ 2 r 2 1 - r 2 
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are both constant. Hypersurfaces that, up to a rigid motion, are equal to Mfe(r) 
for some k and r, are called Clifford hypersurfaces. 

1.2. Two families of geometric functions on hypersurfaces in spheres. 

Given a fixed vector v € R" +2 , let us define the functions £ v : M — > R and 
f v : M -> R by £„(x) = {()>(x),v) and = (i>(aO,«), where v : M ^ § n+1 is a 

Gauss map. When we consider all possible u € R™ +2 we obtain the families 

Vi = {£ v : v e R™+ 2 } and V 2 = {f v : v € R™+ 2 }. 

These two families are very useful in the study of the spectrum of important 
elliptic operators defined on M like the Laplacian an the stability operator. For 
example, in [10] and [llj . Solomon computed the whole spectrum for the Laplace 
operator of every minimal isoparametric hypersurface of degree 3 in spheres using 
these two families of functions. For the totally umbilical spheres S n (u,c) we have 
that if c = 0, then dim(Vi) = n + 1 and dim(V2) = 1. Indeed, it is not difficult 
to prove that if for some compact hypersurface M n in S ,l+1 , we have that either 
dim(Vi) < n + 2 or dim(V2) < n + 2, then M = S n (v,0) for some unit vector 
v e R"+ 2 , 8, Lemma 3.1]. 

If we take c ^ 0, and we consider the example S"(u, c) we observe that if w S 
R n+2 is a vector perpendicular to the vector v, then 

f - C —£ 

V 1 — c 

We also have this kind of relation between the function f w and the function £ w in 
the Clifford hypersurfaces; more precisely, if we consider the example Mfc(r) and 
we take w — (wi , . . . , Wk+i , 0, . . . , 0) € R™ +2 then we have that 



fw — 



Vi^T 2 



Also, if we take w = (0, . . . , 0, ■ ■ ■ , w n+ 2) G R" +2 , then, we have that 

r 



fu 



2 



In this paper we will prove that these two examples are the only hypersurfaces with 
constant mean curvature in § n+1 where the relation f w = X£ w , for some non-zero 
vector w € R™ +2 , is possible. More precisely, we will prove the following result. 

Theorem 3. Let tf> : M — > §™ +1 C R™ +2 be an immersion with constant mean 
curvature of a complete n- dimensional oriented manifold. If for some non-zero 
vector v ^ and some real number X, we have that l v — Xf v> then, <fi(M) is either 
a totally umbilical sphere or a Clifford hypersurface. 

Recall that constant mean curvature hypersurfaces in § n+1 are characterized as 
critical points of the area functional restricted to variations that preserve a certain 
volume function. As is well-known, the Jacobi operator of this variational problem 
is given by J — A + ||^4|| 2 + n, with associated quadratic form given by 



Q(f) = fJf 
J hi 

and acting on the space 

C?(M) = {feC™(M):J M f = 0}. 
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Precisely, the restriction / / = means that the variation associated to / is 
volume preserving. 

In contrast to the case of minimal hypersurfaces, in the case of hypersurfaces 
with constant mean curvature one can consider two different eigenvalue problems: 
the usual Dirichlet problem, associated with the quadratic form Q acting on the 
whole space of smooth functions on M n , and the so called twisted Dirichlet problem, 
associated with the same quadratic form Q, but restricted to the subspace of smooth 
functions satisfying the additional condition J M f = 0. Similarly, there are two 
different notions of stability and index, the strong stability and strong index, denoted 
by Ind(M) and associated to the usual Dirichlet problem, and the weak stability and 
weak index, denoted by Indj'(M) and associated to the twisted Dirichlet problem. 
Specifically, the strong index of the hypersurface is characterized as 

Ind(M)=max{dimy:y<C°°(M), Q(f) < for every / e V}, 

and M is called strongly stable if and only if Ind(M) = 0. On the other hand, the 
weak stability index of M n is characterized by 

Ind T (Af) =max{dimV r : F sCC5?(M), Q(f) < for every / G V}, 

and M is called weakly stable if and only if lnd.T(M) = 0. From a geometrical 
point of view, the weak index is more natural than the strong index. However, 
from an analytical point of view, the strong index is more natural and easier to use 
(for further details, see [1]). 

As an application of our Theorem [3l we will prove that the weak stability in- 
dex of a compact constant mean curvature hypersurface M n in with constant 
scalar curvature must be greater than or equal to 2n + 4 whenever M n is neither 
a totally umbilical sphere nor a Clifford hypersurface (see Theorem [9]). This result 
complements the one obtained in [2J where the authors showed that the weak index 
of a compact constant mean curvature hypersurface M n in which is not totally 
umbilical and has constant scalar curvature is greater than or equal to n + 2, with 
equality if and only if M n is a Clifford hypersurface Mk(r) = S fe (r) x S n_fc (v'l — r 2 ) 
with radius \Jkj(n + 2) ^ r ^ y/Jk + 2) /{n + 2). At this respect, it is worth point- 
ing out that the weak stability index of the Clifford hypersurfaces M&(r) depends 
on r, reaching its minimum value n + 2 when \Jkj{n + 2) ^ r ^ y/(k + 2) j(n + 2), 
and converging to +oo as r converges either to or 1 (see [2j Section 3] for further 
details). 

2. Preliminaries and auxiliary results 

Let us start this section by computing the gradient of the functions £ v and f v . 
For any fixed vector in R n+2 , let us define the tangent vector field v T : M — > R™ +2 

by 

v T (x) — v — £ v (x)x — f v (x)u(x) for all x £ M, 
where, as in the previous section, v : M — > R n+2 is a Gauss map. Clearly, v T is a 
tangent vector field on M because (v T (x),x) = and (v T (x), v(x)) = for every 
x 6 M. More precisely, v T (x) is the orthogonal projection of the vector v on T X M. 

Proposition 4. If M n is a smooth hypersurface ofS n+1 and A denotes its shape 
operator with respect to the unit normal vector field v : M — > R n+2 then, the 
gradient of the functions £ v and f v are given by: 

V£ v =v T , Vf v = -A(v T ). 
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Proof. For any vector w e T X M, let a : (— e, e) — > M be a curve such that a(0) = .t 
and a'(0) = w. Notice that 

<^„(a(t)), d(a(t),u), T 
= rfi 1*=° = di U= = ( a = 

Since the equality above holds true for every w <G T X M and v T (x) <G T^M, then, 
V£ v (x) — v T (x). For the function f v , we have 

,, , , df v (a(t)) , (t/(g(f)),^) , 

= rfi '*=o = rfi lt=o = <^(« (0)), ^) 

= -(A(w),v T (x)) = (w,-A(v T (x))). 
Therefore, Vf v (x) = -A(v T (x)). □ 
We also have the following expressions for the Laplacian of the functions £ v and 

Proposition 5. If M™ is a smooth hypersurface of §™ +1 w»£/i constant mean cur- 
vature H , and A denotes the shape operator with respect to the unit normal vector 
field v : M — > R" +2 i/ien, i/ie Laplacian of the functions l v and f v are given by: 

M v = -n£ v + nHf v , Af v = -\\A\\ 2 f v + nHl v . 

Proof. For any vector w € T X M, we have 

V W V£ V = V w v T = -£ v (x)w + f v (x)A x (w), 

where V denotes here the intrinsic derivative on M. Let {ei, . . . ,e„} be an or- 
thonormal basis of T X M. Then, the Laplacian of £ v at the point x is given by 

n 

A£ v (x) = (V ei V4, = -n£ v (x) + tr(A x )f v (x) = -n£ v (x) + nHf v (x). 

On the other hand, using Codazzi equation we also have that 

V„V/„ = -V w (A(v T )) = -(V w A)(v T (x))-A x (V w v T ) 
= -(V v t {x) A)(w) +£ v (x)A x (w) -f v (x)A 2 x (w). 

Therefore 

n 

Af v (x) = ^(V ei V/„e,) 
i=i 

n 

= -J2((V v T {x) A)(ei),ei) +nH£ v (x) - \\A\\ 2 (x)f v (x) 

i=l 

= -n(v T (x),WH(x)) +nH£ v (x) - \\A\\ 2 (x)f v (x) 
= nH£ v {x)-\\A\\ 2 (x)f v (x), 
since the mean curvature H is constant. □ 

The following two lemmas will be used in the proof of our main theorem. The 
first one is an elementary geometric lemma whose proof is left to the reader. 

Lemma 6. Let M n be a smooth hypersurface o/S™ +1 and let a : I C K — > M be a 
regular curve such that 

a"(t) = f(t)a'(t)+r ] (t) 
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where f : I — > R is a smooth function and rj : I — > M n+2 is a normal vector field 
along a, i.e. rj(t) is orthogonal to T a u\M. If s = s(t) is the arc-length parameter 
for a, then 0(s) — a(t(s)) satisfies that /3"(s) is a normal vector field along (3, i.e. 
[3 is a geodesic in M . 

The other one is an algebraic lemma. 

Lemma 7. If p\{X) = bxX + Ci, . . . ,pk(X) — bkX + C& are k polynomials of degree 
1, k > 2, with the property that Ci/bi ^ Cj/bj whenever i ^ j , then, the polynomials 

ft = H: :.,..!>, 
are linearly independent. Moreover, an equation of the form 

ai a-k _ , 

pi(x) + "' + p k (x) - 

with ai and d real numbers, can not hold true unless all the ai 's and d are zero. 

Proof. By the condition on the numbers Cj/bj we have that at Xi — ~Ci/bi ev- 
ery polynomial qj, except the polynomial qi, vanishes. Therefore, if there exists 
constants ai such that 

a iqi {X) + ■ ■ ■ + a k q k (X) = 

then, taking X — Xi we get that oti = for every i. Therefore, the polynomials 
qi's are linearly independent. On the other hand, notice that the second equation 
in the lemma can be written as 

a iqi (X) + --- + a k qk(X) = dR(X) 

where R is a polynomial of degree k. Since the expression on the left of the last 
equation is a polynomial of degree k — 1, we obtain that the constant on the right 
hand side must be zero. Then the second part of the lemma follows by the inde- 
pendence of the polynomials q^s. □ 

3. Proof of Theorem [3] 

We are now ready to give our main argument and prove Theorem [3J Since most 
of the arguments are local and the thesis of the theorem is on <j>(M) and not on 
M, we will identify M with cj)(M) and T X M with T^M. By multiplying the 
equation £ v = Xf v by an appropriated constant we may assume that \v\ = 1. We 
will also assume that £ v is not constant, otherwise <p(M) C S n (v,c) for some c, 
which implies, using the completeness of M, that <fi(M) = S n (v, c). 

Notice that, since l v is not constant, then A ^ 0. Taking the gradient in both 
sides of the expression £ v — Xf v we obtain that 

(1) A(v T (x)) = -\- 1 v T (x) 

at every point x £ M. 

Step 1: The integral curves of v T in M are Euclidean circles. Let us take a 
point x £ M such that Vi v {x) — v T (x) does not vanish. Let a x (t) be the integral 
curve of the vector field v T such that a x (0) — x. Since 

a' x (t) = v T (a x (t)) = v - £ v (a x (t))a x (t) - f v (a x (t))v(a x (t)) 
= v-£ v (a x (t))(a x (t) + \- 1 u(a x (t))) 
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then, 

<x' x {t) = -(V4(ax(t)),4W)KW+A-^K(*))) 
~£ v {a x {t)){a' x {t)-\- l A{a' x (i))) 

(2) = -\a' x {t)\ 2 {a x {t)+X- l v{ ax {t))) - £ v {a x (t))(a' x (t) - X^A^ (a x (t)))) 
= -\a' x (t)\ 2 (a x (t) + A-V( ai (())) - £ v (a x (t))(a' x (t) + X~ 2 v T (a x (t))) 

= f(t)a' x (t)+v(t). 

Here 

(3) V (t) = -\a' x (t)\ 2 (a x (t) + A-VK(t))) 
is a normal vector field along a x and 

/(t) = -(l + A- 2 )4K(t)). 

Therefore if s = s(t) is the arc-length parameter for the curve a x with s(0) = 0, 
and £ = t(s) is the inverse of the function s = s(t), we have, by Lemma H3 that 
Px(s) = a x (t(s)) is a geodesic in M. Moreover, from @ and ([3]) we also get that 

(4) %(s) = 1^(^)13 *?(*(«)) = -^( s ) " 

If we differentiate we get that the function (3' x moves along a circle because 
it satisfies the equation 

((3' X Y'( S ) + (1 + X- 2 )(3' X ( S ) = 0. 
More precisely, if we define w — V1 + A~ 2 > 0, then 

= /^(O)cos(W) + w' 1 (3 X (0) sin (ws), 

and 

(5) /^(s) = w-X(0)sin(ws) - w~ 2 /3"(0) cos (ws) + X (O) + w~ 2 x (O). 

Step 2: The intersection AT = M n § n (f,0) is non-empty. Let us compute 
/%(0) and (3 X (0) in order to obtain an explicit expression for (3' x (s). From the 
definition of j3 x we have that j3 x (0) = a; and 

( 6 ) Px(0) = 7-T77TT ~~ 



4(0)| |«T (a; )| 

Notice that 

v T (y) = v- £ v (y)y - f v (y)v(y) = v- £ v (y)y - \~ 1 e v (y)v(y) 

at every point y 6 M. Therefore 

|« T (y)| 2 = 1 - £ v (y) 2 - \- 2 i v {yf = 1 - w 2 t v {yf- 

From this last expression we obtain that — w^ 1 < £ v (y) < if -1 , at every j/ € M, 
and 

(7) v T (y) = if and only if ^(y) = ±w~\ 
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Let us define a = £ v (x), and b = v w~ 2 — a 2 . By Q we have that b > 0, because 
X7£ v (x) = v T (x) =/= 0. With this notation, we obtain that |u T (x)| 2 = 1 — w 2 a 2 = 
w 2 b 2 , and 

(P x (0),v) = £ v (x)=a 

(PL(0),v) = {^%,v} = v T (x)) = |«»| = Vl - ™ 2 a 2 = wb 

\v T (x)\ \v [ (x)\ 

(%(0),v) = (-j3 x (0)-\- 1 v(p x (Q)),v}=-a-\- 2 a = -w 2 a, 

where we have used (j4|) to derive the last equation. Now, using these equations 
jointly with J^} we get that 

£v(P x (s)) = (Px(s),v) = acos (ws) + frsin (ws). 

Notice that (wa) 2 + (wb) 2 = 1 with wb > 0. Therefore for some Si € (— we 
have 

-wa = sin (u>si) and u>6 = cos (wsi), 

so that 

(v(/3 x (s)) = a cos (ws) + 6 sin (ws) = w^ 1 sin (ws — wsi). 

Notice that when s moves from to si, we have that £ v (Px(s)) never reaches 
the values ±w _1 , therefore by ([7|) v T ((3 x (s)) ^ and all these f3 x (s) belong to the 
integral curve of the vector field v T . In particular, £ v ((3x(si)) — and v T (P x (si)) = 
v ^ 0. This argument shows that 

N = £- 1 (0) = {yeM :£ v (y)=Q} 

is not empty. Observe that if we were assuming that M were compact instead of 
complete, the fact that N = £y 1 (0) is not empty would have followed from the fact 
that the function £ v must reach its maximum value and a minimum value on M, 
and the fact that necessarily these values must be ±w; _1 , since \7£ v = v T must 
vanish at its critical points. From now on we will assume that the x that we were 
considering before is an element in N, i.e, we will assume that a = 0, and therefore 
b — w^ 1 and s\ = 0. 

Step 3: The intersection N = M H §"(u,0) as a hypersurface of M and as 
a hypersurface of S n (u,0). Clearly the set N C M n is an (n ~ l)-dimensional 
manifold because is a regular value of the function £ v on M. Moreover, for every 
x € N we have that V£ v (x) — v T (x) — v is a constant vector, and therefore N is 
a totally geodesic hypersurface of M. Notice that for every x S N we have that 
v G T X M and A x (v) = — A _1 u. Therefore we can take vectors Vi, . . . , i> n -i in T X M, 
all of them orthogonal to v, such that A x (vi) = \i(x)vi. Since the vectors v^s are 
perpendicular to v = V£ v (x), they form a basis for T X N. On the other hand, notice 
that N is also a hypersurface of the unit n-dimensional sphere S n (v,0), and that 
for every x £ N, v(x) gives a unit vector field normal to N in § n (i;,0) (see Figure 
!)• 
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Taking into account that N is totally geodesic in M n and that S n (v, 0) is totally 
geodesic in § n+1 , it follows from the fact that v is both normal to M n in and 
normal to N in S n (v, 0) that, for every x € N, Ai(x), . . . , A n _i(a;) are the principal 
curvatures of N as a hypersurface of S n (v, 0) with respect to v 

Step 4: Computation of the principal curvatures of M along the integral 
curves of v T . Under the assumption that x € N, we obtain from (jSj) that 

Therefore, from Q and ([!]) we get the following expression for /3 x (s), 

(8) Px{s) = w -1 sin (ws)v + u;~ 2 (cos (ws) — l)(x + A v(a:)) + a;. 

By differentiating two times this equation, and using the equation we obtain 
the following expression, 

(9) v((3 x (s)) = Xws'm(ws)v + Xcos(ws)(x + \ v(x)) — \(3 x (s). 
Recall that, if s € (— ^j, ^j), then 

(10) |4(/3x(s))| <^ _1 and « T (&,(*)) ^ 0. 

Observe that if j(t) is a smooth curve in N such that 7(0) = x and 7'(0) = Vi, 
then by ([5]), we have that the curve 

7 S (i) = /3 7(t )(s) = w" 1 sin (tos)u + uT 2 (cos (ws) - l)(7(t) + A~V( 7 (i))) + 7(4) 

is a curve on M such that 7 S (0) = f3 x (s). A direct computation shows that 

(11) 7^(0) = w~ 2 (cos (ws) - - A~ 1 A i (a;)?; i ) + i>, = (J,i(x)vi, 
where 

, . A(A — Aj(x)) cos(ws) + (1 + AAj(x)) 
H(x) = — 2 • 

The computation above shows us that the vectors Wj's are also elements in Tp x r s \M 
for every s € (— Actually, it follows directly from (fTT|) that if fii(x) 7^ then 

Vi = 7s(0)//Xi(a;) s Tp x ^ s )M; hence by a continuity argument, since the equation 
/ij(x) = has finitely many solutions on (— ^r), we conclude that Vi € Tpi s \M 
for every sE (-^j.^j). 

Recall that, by (p~0|) and |T]), —A 1 is a principal curvature at the point (3 x (s), 
for every s S (— ^77^7)1 with associated principal direction in the direction of 
w T (/3a;(s)) 7^ 0. Let us compute now the other n — 1 principal curvatures of M at 
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the point /3 x (s). Since 7(i) £ N for every t, then the expression ([9]) holds true when 
replacing x by ^(t) and then we have that 

v {ls{t)) = ^(/3 7 (t)( s )) = Xwsm(ws)v + Xcos(ws)(j(t) + A -1 i/(7(t))) - Xj a (t), 
Differentiating this equation with respect to t at t = and using (fTTj) . we get that 

^/3 x (s)(7s( )) = ^i{ x ) A f3As)( V i) = _C M7s(0)) = CM 35 ) ~ A)cOs(«7s)wi + \fli(x)Vi. 

That is, 

(A; (a;)- A)(l + A 2 )cos(ws) 



A(A - Ai(x))cos(ws) + (1 + AAi(x)), 
Therefore, we get the following expression for the other n — 1 principal curvatures 

at P x {s), 

{X l {x)~X){\ + X 2 )cos{ws) 



K(PAs)) = A + 



A(A - \i(x)) cos(ws) + (1 + AAj(x)) 
(1 + A 2 )(A- 1 +A 4 (x)) 



(12) A 1 + A(A - Xi(x)) cos (ws) + (1 + XXi(x)) ' 

Notice that, as it is supposed to be, when s = 0, i.e at the point x, the expression 
(TT2)) above reduces to Ai(x). Also notice that if Xi(x) = — A -1 then, the expression 
(fl~2f reduces to — A -1 for every s. 



Step 5: M is isoparametric with at most two distinct principal curva- 
tures. Now, we will use the hypothesis on the mean curvature of M. By (fT2|) . for 
every point x £ N and every s £ (— we have that 

n-i 

nff = nff(/M«)) = -* _1 + X]M#rO0) 



i=l 

n-1 



a^ + a + A 2 )^. A ~ +Ai(x) 



That is, 



^ A(A - Ai(x)) cos (ws) + (1 + AA,(a;)) 



A^+A^x) _ n(H + A -1 ) 



^ 13 ^ ^ A(A-A l (.x))cos(u;s) + (l + AA i (a;)) 1 + A 2 

For every x £ N, let 

7 x (x) = {i£ {l,...,n-l} : Xi{x) = -A" 1 }, 
h{x) = {ie{l,...,n-l}:Ai(a;) = A}, 
I 3 {x) = {l,...,n-l}\(h{x)Ul2(x)). 

Then (fT3l) can be written as 



(14) V A 1+A »( X ) =d /^ 

1 ^ X(X-Xi(x)) cos (ws) + (I + XXi(x)) {1 

where 

d{x) = iTa 2 ' 

and rii(x) = card(Ji(x)). We claim that I${x) = 0. Otherwise, for every i £ I^x) 
let ai(x) = A -1 + Xi(x) ^ 0, bi(x) = A(A - Xi{x)) ^ 0, and a(x) = 1 + AA,(x) 7^ 0. 
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Thus, equation (fl4|) means that, for every s € cos (ws) is a root of the 

polynomial equation on X 

If Xi(x) = Xj(x) for every i,j G Is(x) (in particular, if n 3 (x) = 1), then (I15p 
becomes 

n 3 (x)aj(x) _ 
fci(a:)X + a(x) ~ (Xh 
which can hold only if di(x) — d(x) — 0. But this is a contradiction because 
cLi{x) 7^ 0. Therefore, we can decompose 

k 

h(x) = (J Ji(x), k > 2, 

i=l 

with Aj 1 (a;) = A j2 (x) if and only if j%,j2 G Ji{x) for some i. In that case, let 
Aj (x) = Aj (x) for every j € Ji (x) , and (fl"5|) becomes 

(16) Erf#^#T-^) 

with rrii(x) = card(J^(x)) > 0, m i {x)ai{x) ^ 0. But this contradicts our Lemma 
because 

Ci (x) 1 + AAi (x) 1 + AAj (x) Cj (x) 
b~[x) = A(A-A,(x)) ^ A(A-A,(x)) = 6^) 

for every i ^ j, 1 < i, J < k. 

Summing up, ^(x) = for every x € N, which means that all the principal 
curvatures of M at the points of N are constant and they are equal to either — A -1 
or A. From the expression fTS]) . the same happens along the geodesies ft x (s) for 
every s G (— ^>^j)- Taking into account that every point of M which is not 
a critical point of l v can be reached through a geodesic (3 x (s), we conclude that 
the principal curvatures of M are constant on the whole M and they are equal to 
either —A -1 or A. That is, M is a complete isoparametric hypersurface of § n+1 
with at most two distinct principal curvatures, and from the well known rigidity 
result by Cartan [3] (see also [SI Chaper 3]) we conclude that M is either a totally 
umbilical sphere (in the case that all its principal curvatures are equal to — A -1 ) or 
it is either Clifford hypersurface of the form Mfe(r) = § fe (r) x S n ~ k (\/l — r 2 ) with 
radius < r < 1 (in the case that the principal curvatures take both values). 

This finishes the proof of Theorem [3] 



Let us exhibit an example that shows that the condition on the mean curvature 
to be constant is necessary in the previous result. 

Example 8. Let e x = (1,0,..., 0) G and c = 4/5. From Example Q] we 

know that the principal curvatures of §™ -1 (ei,c) C S™ are all equal to 4/3. By 
perturbing §" _1 (ei,c) we can find a hypersurface N C §" whose mean curvature 
is not constant and such that all its principal curvatures Aj satisfy that 

(17) 1 < \i(x) < 2 for every x G N and i = 1, . . . , n — 1 



12 



LUIS J. ALfAS, ALDIR BRASIL JR., AND OSCAR PERDOMO 



Let M n = S 1 x N and 4> : M -> §" +1 C M"+ 2 the map given by 

0((cos s, sins), x) — (— 7= sin(\/2s), ^(x + ^(x)) cos(\/2s) + i(x — ^(x))), 
V 2 2 2 

where i e JV C S" C M" +1 denotes the points in N and v : N -> S" C M" +1 is a 
Gauss map of 2V. In particular, (x, = 0. 

Let = (— sins, cos s) and let Ui, . . . , v„-i be a basis of T x iV such that ~dv x (vi) = 
A,(x)i»i. Notice that = ((— sins, coss), 0) € R n+3 and Vi = (0, 0, «i), . . . , v„_2 = 
(0, 0, v n _2) form a basis for the tangent space of M at p = ((cos s, sins), x). A direct 
computation shows that 

d 1 

d(/) p ( — ) = (cos(V2s), p(x + u(x)) sin(v / 2s)) 

as y 2 

and 

d4> P {vi) = -(0,((1- A. i (x))cos(V2s) + l + A i (x))w i )- 

By dTTJ) , the expression (1 — Xi(x)) cos(\/2s) + (1 + A,(a;)) never vanishes, therefore 
<f> is an immersion. Moreover, it is easy to check that v : M — > S" +1 C R" +2 given 

by ( | 

v(p) = (—= sin(\/2s), -(x + i/(x)) cos(V2s) - -(x - ^(x))) 
V 2 2 z 

is a Gauss map on M. Using the expression for ip and for v we get that i v = f v for 

v= (1,0,..., 0) £l"+ 2 . 

4. Stability index of hypersurfaces with constant mean curvature 

In this section, and as an application of our Theorem [31 we will prove that 
the weak stability index of a compact constant mean curvature hypersurface M™ 
in § n+1 with constant scalar curvature must be greater than or equal to 2n + 4 
whenever M" is neither a totally umbilical sphere nor a Clifford hypersurface. 
Recall that constant mean curvature hypersurfaces in S ra+1 are critical points of 
the area functional restricted to variations that preserve a certain volume function. 
The Jacobi operator of this variational problem is given by J = A+||A|| 2 + n, with 
associated quadratic form given by 



Q(f) = fJf 

Jm 

and acting on the space 

C|?(M) = {/GC 00 (M): J M f = 0}. 

Precisely, the restriction J M / = means that the variation associated to / is 
volume preserving. The weak stability index of the hypersurface, denoted here by 
Indy(M), is characterized by 

Ind T (M) =max{dimF :V ^C^(M), Q(f) < for every / e V}, 

and M is called weakly stable if and only if Indr(A^) = (see [T: for further details). 

In [3], Barbosa, do Carmo and Eschenburg characterized the totally umbilical 
spheres as the only compact weakly stable constant mean curvature hypersurfaces 
in E n+1 . In [2] the authors have recently showed that the weak index of a compact 
constant mean curvature hypersurface M n in §™ +1 which is not totally umbilical 
and has constant scalar curvature is greater than or equal to n + 2, with equality 
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if and only if M n is a Clifford hypersurface Mk(r) = § fc (r) x § n_fc (-\/l — r 2 ) with 
radius ^k/(n + 2) ^ r ^ yJJk + 2)/(n + 2). Here we will complement this result 
by showing the following. 

Theorem 9. Let M n be a compact orientable hypersurface immersed into the Eu- 
clidean sphere § ra+1 with constant mean curvature. If M has constant scalar cur- 
vature and M is neither a Clifford nor an umbilical hypersurface, then the weak 
stability index of M is greater than or equal to In + 4. 

Proof. The condition on the scalar curvature implies that, ||A|| 2 is constant. Let 
us first consider the case where H = 0. Since M n is not totally umbilical (i.e., 
totally geodesic), then ||A|| 2 > 0. Even more, since M is not a minimal Clifford 
hypersurface we have that \\A\\ 2 > n, by a classical result due to [9] and [7] 
(see jH Theorem 6]). By Proposition O we have that the functions t v and /„ 
are eigenf unctions of the Laplacian with positive eigenvalues n and \\A\\ 2 > n, 
respectively (observe that with our criterion, a real number A is an eigenvalue of 
A if and only if Aw + Xu = for some smooth function u G C°°(M), u ^ 0). In 
particular, the functions £ v and /„ satisfy the condition J M f = 0, and they also 
satisfy J(t v ) — \\A\\ 2 £ V and Jf v — nf v . That is, they are also eigenfunctions of J 
with negative eigenvalues — ||A|| 2 and —n, respectively. Let 

Vi={l v ;ve K™+ 2 } and V 2 = {/„ : v € M™+ 2 }. 

Then, 

(18) Indr(M) > dvm{Vi ® V 2 ) = dimVi + dimV 2 , 

where the last equality is due to the fact that Vi and V 2 are L 2 -orthogonal subspaces, 
because they are eigenspaces of A associated to different eigenvalues. Finally, as 
pointed out in Subsection ll.2[ we also know that if either dimVi < n + 2 or dimV2 < 
n + 2, then M must be a totally geodesic sphere (see [8j Lemma 3.1]). Therefore, in 
our case we have dimVi = dimV2 = n + 2, and by (Tig)) we conclude that Indr(M) > 
2n + 4. 

We will now consider the case H ^ 0. By Cauchy-Schwarz inequality we have 
that \\A\\ 2 > nH 2 , and equality only occurs if M is totally umbilical. In this case, 
following our ideas in [2], we will work with test functions of the form £ v — a±f v , 
where 

a± = W A W 2 - n± ^ with D = (\\A\\ 2 -n) 2 + 4n 2 H 2 >0. 
2nH 

Let 

U+ = {l v - a+f v : v e M™+ 2 } and U- = {£ v - a_/„ : v £ R n + 2 }. 
Then, by Proposition [5] we have that Am + fi±u = for every u G U±, where 



n+\\A\\ 2 -VD n+\\Af + VD 
0<fi- = !!~| < m+ = — 2 , 

and, therefore, Ju + X±u — for every u € U±, with 

_ -(n+\\A\\ 2 )-VD -(n+\\A\\ 2 ) + VD 

2 + 2 

(for the details, see [H Section 4]). In particular, functions belonging to U± also 
satisfy the condition J M f = 0, and 

(19) Ind T (M) > dim(Z7 + ©?/_) = dimC/+ + dimU- 



14 



LUIS J. ALfAS, ALDIR BRASIL JR., AND OSCAR PERDOMO 



Finally, since M is neither a totally umbilical sphere nor a Clifford hypcrsurfacc, 
our Theorem [3] implies that dim[/ + = dim[/_ = n + 2, and by (|19|) we conclude 
that Ind T (M) > 2n + 4. ■ 

□ 
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